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Abstract
A system and method has been developed for performing multi-way graph partition. The partition is performed
using a non-linear analog electrical network model. In this model, electrical potential and current are vectors.
The electrical network consists of a set of non-linear resistors that correspond to the edges in the graph and have
a current-limiting characteristic that is related to the edge strength. This algorithm applies to graphs which are
undirected, have positive and real-valued edge weights and have at least two ”label” nodes. Possible applications
in image segmentation and depth perception are described. Other suggested applications of the algorithm are in
non-rigid image registration and image-noise removal. (September 24, 2017)
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1. Introduction
A novel method is presented for the partition of graphs. The
method applies to graphs that have the form of undirected
flow networks and allows for multi-way partitioning. The
flow network is an undirected weighted graph, G is defined
as a set of nodes or vertices V, a set of edges E and a positive
weight, w is associated with each edge:
G = (V, E, w)

(1)

where each edge, {p, q} is defined as a pair of nodes p, q ∈ V .
Additionally, a subset of the nodes, L are ”label” nodes.
A graph cut, C is defined as a subset of the edges in the
graph such that when those edges are removed from the graph
the remaining graph consists of |L| connected components
and each connected component contains one node from the
set L
A minimum-weight graph cut or minimum cut is a graph
cut that has a minimum weight of all the possible graph cuts:
Cmin = argmin
C∈χ

∑

w pq

(2)

{p,q}∈C

where χ is the set of all possible graph cuts.
An exact solution for the graph cut can be obtained for the
case with binary labels [1], [2]. These methods are based on
establishing a flow through the graph. All flows are allowed
that conserve flow at each node and, for each edge in the graph
are less than the weight of the edge. Another approach is to
establish flow through the network. In this case, the flow is
determined by resistors that represent each edge in the graph.
This includes the models of Frisch [3] and Christiano et al [4].

A competitive algorithm for obtaining the graph cut has arisen
based on the electrical model [9]. A novel methodology is
presented here that generalizes the method of Yim [9] to apply
to multi-way graph cuts. The method also extends the method
of Grady and Funka-Lea for multi-label image segmentation
[5].

2. The Multi-Way Graph Cut
An electrical network will obtain a state in which the voltages
can be interpreted as the partition of the graph. This electrical
network is related to the graph as follows. The electrical network is a network of resistors with each resistor representing
one of the edges in the graph with the same connectivity as
the corresponding edges in the graph. The electrical behavior
of the resistors is non-linear and is given by the relation:
i pq =

w pq
(x p − xq )
1 + kx p − xq k

(3)

where i and x are vectors with |L| components. The vector i is
analogous to electrical current and the vector x is analogous
to electrical voltage.
Each of the components of the current and voltage vectors
are associated with a label in the graph. The relationship
between labels and the voltage and current vectors is given by
a map θ :
θ : L → {e1 , e2 , ...e|L|) }

(4)

where e1 , e2 .. are unit vectors in R|L|
Input to the electrical network is applied at the nodes in
the electrical network corresponding to the nodes in the graph
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Figure 1. The multi-way graph cut. Edges are removed from the graph such that there is one connected component for each
label node. The label nodes are {A, B,C}

in the set L. A vector-valued voltage is applied to each of the
input nodes with the vector direction given by θ :
xl = vin θ (l)

(5)

where vin is a large number and l ∈ L
Constraints are used to obtain a system of equations for
the voltage. At each node, p ∈ V \ L the net electrical current
is constrained to be zero.

∑

i pq = 0

(6)

q∈N p

where Np is the set of nodes in the electrical network that are
directly connected to the node p
The systems of equations from (5) and (6) can be written
in matrix form:
A(X)X = B

(7)

where A(X)X represents a factorization of the non-constant
terms in the system of equations. X is a |V| × |L| matrix. Each
row of X represents the unknown voltage vector at one of the
nodes in electrical network, xp . A(X) is a |V| × |V| matrix and
B is a |V| × |L| matrix and represents the constant terms in the
system of equations.
The system of equations is solved using the fixed point
method:
e k )X
e k+1 = B
A(X

(8)

e is an approximate solution and k is the iteration. The
where X
e0 = 0
fixed point solution is initialized with the zero matrix X

The voltage solution can be interpreted as a labelling of
the nodes in the graph by comparing the relative magnitudes
of the components of the voltage at each node. The label corresponding to the voltage component with the largest magnitude
is assigned to the node:

3. Applications
3.1 Image Segmentation
Earlier work in the field of image segmentation has found a
role for the graph cut [6],[7]. This method was extended by
applying the proposed multi-way graph cut to image segmentation. In this study, the multi-way graph cut was applied to
the segmentation of an image of the heart using computed
tomography. A graph was constructed from the image:
GCT = (VCT , ECT , wCT )

(9)

where VCT = PCT ∪ LCT where PCT is the set of pixels in the
image and LCT is a set of 10 labels. Each node in the image
has a value, f assigned to it. For pixel nodes, the value of f
is the image intensity of the corresponding pixel. For label
nodes, the value of f is the class intensity of the label. The
class intensity is a value in the set {−100, −50, 0, ....350}.
For each edge, e pq , the difference in the intensity function f is
given by a function δ pq :
δ pq = | f (p) − f (q)|

(10)

The set of edges in the graph includes edges that produce
a regularization effect, ECTN and edges that relate the pixel
nodes to the labels ECTL :
N
L
ECT = ECT
∪ ECT

(11)
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Figure 2. Image segmentation using the multi-way graph cut.

ECTN includes edges between all pairs of adjacent pixels in
the image while ECTL includes edges between all pixel nodes
in the image and all label nodes.
The weight of the edges is given by the function:

wCT (e pq ) =




2.0
,
1.0+δ pq 2
1.0

,
1.0+δ pq 2

N
if e pq ∈ ECT

if

L
e pq ∈ ECT

(12)

For construction of the graph, edges were included based
on the 8-neighbor adjacency. The input voltage magnitude
was vin = 106 . A solution was obtained for 10 fixed-point iterations. A direct solver was used at each fixed-point iteration.
The algorithm was implemented in Python with the Numpy,
Scipy, and Networkx modules. The segmentation result is
shown in figure 2.
3.2 Depth Perception
The multi-way graph cut can be applied to depth perception
from stereo photography [8]. This work is extended by the use
of the proposed multi-way graph cut for performing the graph
cut. The methodology is applied to a stereo photograph pair
obtained from the Middlebury College Stereo Database. The
stereo photograph pair was cropped for use with this algorthm.
In this application, each label represents the distance of a
point in the photograph from the camera. A graph, Gstereo is
constructed from a pair of photographs:
Gstereo = (Vstereo , Estereo , wstereo )

(13)

The graph, Gstereo has the same structure as the graph used
for image segmentation. The set of nodes in the graph Vstereo

are the pixels in the photograph from the left camera and the
set of labels Lstereo . Edges are included between nodes of
adjacent pixels and between each pixel and all of the label
nodes:
N
L
Estereo = Estereo
∪ Estereo

(14)

where the function fle f t is the color of a given pixel in the left
photograph as a vector of the red, green and blue channels.
For the edges in Lstereo , the weights are given by:
(
N
S( fle f t (p), fle f t (q)), if e pq ∈ Estereo
wstereo (e pq ) =
L
S( fle f t (p), fright (t(e pq ))), if e pq ∈ Estereo
(15)
where the function fle f t and fright are vectors representing the
RGB channels of the color in the left and right photographs,
respectively. t(e pq ) is a map from an edge to a pixel in the right
photograph. The location of the pixel in the right photograph
is the position of the pixel p shifted to the left by an amount
that depends on the label node q.
S is defined as:
S(x, y) = 0.1 + exp(

−kx − yk2
)
100

(16)

The depth perception method was applied using 20 labels
that represented apparent shifts between the left and right
photographs of {0, 1, ....19} in pixel units. Solution of the
graph cut for depth perception was otherwise the same as for
image segmentation. Results for depth perception using the
multi-way graph cut are shown in figure 3.
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Figure 3. Depth perception using the multi-way graph cut.

4. Discussion
An elegant and promising method has been developed for
performing the multi-way graph cut. The structure of the
algorithm is comparable to the method in [9] and should be
amenable to parallel implementation.
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