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Abstract
C(S, T ) = {(i, j) ∈ E | i ∈ S, j ∈ T }
The graph cut is an optimal solution for a class of combinatorial problems that arise in image segmentation, depth
perception and other computer vision applications. However, the performance of existing algorithms for computing the graph cut is not sufficient for all applications. A
novel algorithm is presented that provides a dramatic acceleration of the the graph cut. In this algorithm, the FordFulkerson flow model that is used in other graph cut algorithms, is replaced by the Frisch electrical network model.
A method is presented for simulation of the electrical network model on a high-performance computing system. The
method was evaluated on 6 graphs related to medical image
segmentation, photo-editing and depth perception. Exceptional results were obtained. The accuracy was 1.6±2.0%
and the speed-up was 11.0±5.7 over the benchmark serial
processing method (Boykov-Kolmogorov). November 21,
2016

Given that each edge of the graph has an associated nonnegative weight, w, the weight the s-t cut is the sum of the
weights,wij , of the set of edges of the cut:
X

W (S, T ) =

wij

(3)

(i,j)∈C(S .T )

where are positive real numbers. The minimum s-t cut,
or simply the graph cut, is the partition with the minimum
weight as defined in (3).
This formulation of graph partitioning is of particular
interest because an exact solution is available based on a
linear-programming (LP) formulation. The LP formulation
is to maximize the flow from nodes s to t through a graph
subject to the equations for conservation of flow at each
node, where Ni are the nodes that are adjacent to i in the
graph and Qij is the flow from node i to node j:

1. Introduction
0=
Development of a parallel implementation of the graph
cut has been the subject of considerable investigation
[1][2][3][4][5][6][7][8]. The current research extends the
efforts in applying parallel computing to the graph cut computation using a powerful linear algebraic approach.
The graph cut is an elegant model for partitioning of a
directed graph, G = (V, E) . (V is the set of nodes of the
graph and E is the set of edges of the graph.) An s-t cut is
a partition of the graph into subsets S and T for a given pair
of nodes (s, t) such that:
s ∈ S and t ∈ T

(2)

X

Qij

(4)

j∈Ni

and to the constraints on the flow:
− wji ≤ Qij ≤ wij

(5)

The first practical method for obtaining the minimum s-t
cut was the augmenting-path [9]. In this algorithm, a maximal flow pattern in the network is obtained by incrementally
increasing the flow from the nodes s to t along one given
path at a time. An efficient implementation of this approach
to obtaining the graph cut was developed using search trees
for applications in imaging in particular [10].
Another approach to obtaining the minimum s-t cut involves the push-relabel pair of operations that are applied

(1)

A set of edges is defined by that partition as follows:
1

2. Resistive-Network Model

independently to each node in the graph that, in combination, produce the desired s-t flow pattern [11]. The parallel structure of this approach has been exploited by implementation on a multi-core processor for video applications
[12]. This algorithm has also been accelerated using socalled global-relabeling and gap-relabeling [13] and by the
use of acyclic sub-graphs or trees to organize the flow [14].
Approximation methods have also been applied to the
minimum s-t cut problem. Bhusnurmath and Taylor [7]
showed that the graph cut can be formulated as an unconstrained l1-norm minimization. Equivalently, the graph cut
is obtained by minimization of the functional:
G(ν) =

X

wij |νi − νj |

An analog electrical network is formed by a set of nonlinear resistors that represent the edges in a given graph. To
simulate the analog minimum s-t cut network the currentvoltage characteristic of the resistors must satisfy the Frisch
criteria described above. The following function provides
valid current-voltage behavior and serves as the basis for
the algorithm presented here, for a vector of voltages at the
nodes in the network, x = (x1, .....x|v| ). Differences in voltages between two nodes is represented as xij = xi − xj .
mij xij
+ δij
1 + |xij |

Iij (xij ) =

(6)

(8)

where:

(i,j)∈E

mij =

with the constraints: νs = 1 and νt = 0.
The interior-point method was proposed for obtaining
the solution. Yildiz and Akgul proposed an alternate solution involving the use of gradient descent [8]. The method
to be introduced here is related to this formulation of the
graph cut in the following way: minimization of the functional is obtained in an approximate manner by solution of
the system of equations:
e
∇G(ν)
= 0

wij + wji
2

(9)

and
wij − wji
(10)
2
This current-voltage characteristic provides a currentlimiting characteristic that is consistent with the Properties
1 and 2 for the Frisch model:
δij =

(7)

lim

Iij (xij ) = wij

(11)

Iij (xij ) = −wji

(12)

xij → +∞

and

e is an operator that approximates the gradient of
where ∇
G but is continuous for all ν, along with the constraints on
νs and νt .
A method for physically obtaining the graph cut for a directed graph has also been developed [15]. The method is to
fabricate a non-linear resistive network where each resistive
element represents an edge of the graph. The non-linear
resistive network will naturally approach a binary-voltage
state corresponding to the graph cut of the graph as the input voltage applied between the source and sink nodes approaches infinity. To obtain this behavior, the resistive elements must have the following characteristics:

lim

xij → −∞

The analog network is thus described by a non-linear
system of equations where the source and sink nodes are set
to the high and low input voltages respectively and voltages
at the remaining nodes are governed by Kirchhoffs current
law:
F(x) = 0
where F = (f1, ....f|v| ) and:

+

 V − xi ,




V - − xi ,
fi (x) =


 P


Iij (xij ),


Property 1 The current through the resistor is a nondecreasing function of the voltage across the resistor.
Property 2 For a given voltage polarity, the current
through the resistor is equal to or asymptotically approaches
the flow capacity in the direction of the voltage polarity of
the corresponding graph edge, as the voltage across the resistor approaches infinity.

(13)

i = s
i = t

(14)

i ∈ V /{s, t}

j∈Ni

3. Linearization
The above system of equations (13),(14) can be written

An algorithm has been developed and is presented here
for simulation of the analog network for obtaining the minimum s-t cut in either directed or undirected graphs. The
algorithm will be referred to as the Sim Cut.

as:
A(x)x = b
2

(15)

Graph A

Graph B

Graph C

Graph D

Graph E

Graph F

Computer
vision
function

Segmentation

Segmentation

Segmentation

Segmentation

Segmentation

Depth
perception

Image type

Computed
tomography

Computed
tomography

Ultrasound

Computed
tomography

Photograph

Multi-view
photography

Subject
of image

Abdomen

Heart

Face

Liver

Sports

Plant

Graph type

Undirected

Undirected

Directed

Directed

Undirected

Undirected

Nodes
adjacent
to s or t

User
interaction

User
interaction

User
interaction

User
interaction

User
interaction

First and last
planes of the
graph grid

Graph
structure

3D

3D

3D

3D

2D

3D

Nodes

6,553,602

57,671,682

5,062,502

45,875,202

3,493,016

16,400,252

Edges

82,613,394

745,352,484

65,812,500

592,412,694

13,960,613

81,501,445

Edge weight
data type

integer
(1 - 1 ×104 )

integer
(1 - 1×106 )

integer
(0 - 100) )

floating
point

floating
point

integer
(0 - 390,150)

Table 1. Summary of graphs used for evaluation of the Sim Cut algorithm.

where A is a |V | × |V | matrix of functions with the following non-zero elements:

aij (x) =









−mij
1+|xij |

j∈Ni

A(x̃k )x̃k+1 = b

i, j ∈ {s, t}i = j

1




P




is as follows and requires the solution of a linear system of
equations at each iteration.

In the solution to the equations governing the system of
non-linear resistors, voltage gaps between adjacent nodes
represent the degree to which the flow between the two
nodes has saturated or reached its limiting flow capacity.
In the limit, the voltage assumes a state in which it is homogeneous within each of two regions connected to the source
and sink, respectively, and a voltage gap equal to the input voltage occurs along the minimum s-t cut. A simple
approach to determining the minimum s-t cut from the simulation is to use a graph cut based on thresholding of the
voltage. Such a cut based on the simulation of the nonlinear resistive network is represented by: Cksimulation =
(Sksimulation , Tksimulation ) , where:

j ∈ Ni , i, j ∈
/ {s, t}, i 6= j,

mij
1+|xij |

i, j ∈
/ {s, t}, i = j

(16)
The vector b = (b1, .......b|V | ) represents the constants:

bi =









V+

i=s

V−

i=t




P


δij
−

(18)

(17)

i ∈ V − {s, t}

j∈Ni

Sksimulation = {i | x̃k,i ≥ 0}

A solution can then be obtained in an iterative manner
comparable to the fixed-point algorithm [16]. The method

Tksimulation = {i | x̃k,i < 0}
3

(19)

Graph A

Graph B

Graph C

Graph D

Graph E

Graph F

Strength of
connection
threshold

0.25

0.5

0.5

0.5

0.25

0.5

Coarsening
type

CLJP

PMIS

PMIS

PMIS

CLJP

PMIS

Interpolation
method

classical

ext+i

ext+i

ext+i

classical

ext+i

Aggressive
coarsening
levels

None

10

10

10

None

10

Maximum
v-cycles

1

25

10

10

1

1

Core type

Intel
Haswell

Intel
Westmere

Intel
Haswell

Intel
Haswell

Intel
Haswell

Intel
Westmere

Compute
cores
(nodes)

400 ( 40 )

800 ( 80 )

400 ( 40 )

1000 ( 100 )

400 ( 40 )

300 ( 30 )

Table 2. Summary of parameters for obtainng the Sim Cut solution.

4. Implementation

ing was performed on high-performance computing clusters with Infiniband QDR interconnects with either the Intel
Haswell or Intel Westmere nodes. Performance of the Sim
Cut was compared with the performance of the BoykovKolmogorov algorithm [10] on one core of the Intel Haswell
processor.

The simulation s-t cut was implemented on a distributed
computing system. The software was implemented using
the PETSc, version 3.7.0 configured with the extension to
Hypre, version 2.11.0 and with Open MPI, version 1.6.4.
The KSP method was used as a solver for the linear equations from the Sim Cut with an algebraic multigrid (AMG)
preconditioner. Parameters for the Sim Cut were selected
for each test case to obtain satisfactory speed and accuracy.
The relevant parameters were the AMG strength of connection threshold, the AMG coarsening method, the AMG interpolation method, the number of AMG v-cycles, the type
of processor core, the number of cores used per node and
the number of compute nodes. The selection of the Sim
Cut parameters is summarized in table 2. The choice of
the Sim Cut parameters was primarily related to the size of
the graphs with more customization needed for the larger
graphs. In all cases, the input voltage magnitude applied to
the s and t terminals was 106 and there was a maximum
of 1 KSP iteration. The PETSc DMDA library of functions was used to partition the systems of equations between
the processors. OpenMP threading was not used. Test-

5. Evaluation
5.1. Graphs
A set of six graphs were used in the evaluation of the
Sim Cut algorithm that are all relevant to computer vision.
The graphs are derived from applications in computed tomography segmentation (Graphs A, B and D), ultrasonography segmentation (Graph C), photo-editing (Graph E) and
depth perception (Graph F). The computed tomography images were obtained from the OsiriX DICOM Image Library.
For the ultrasonography segmentation, a graph derived from
a prenatal ultrasound was obtained from the University of
Western Ontario website ”Max Flow Problem Instances in
Computer Vision”. In that case, the name of the graph is
babyface.n26c100. The photograph used for constructing
Graph E is a stock photograph from shutterstock.com. The
4

Graph A

Graph B

Graph C

Graph D

Graph E

Graph F

Accuracy

0.70%

0.81%

5.8%

0.84%

0.74%

0.77%

Number of
fixed-point
iterations

5

57

60

60

17

10

Time to
convergence

8.3 seconds

28 seconds

16 seconds

36 seconds

1.5 seconds

3.7 seconds

Reference
time

176 seconds

322 seconds

82.1 seconds

266 seconds

12.0 seconds

47.2 seconds

Speedup

21.2

11.5

5.1

7.3

8.0

12.7

Table 3. Summary of the performance of the Sim Cut algorithm

where pi represents the vector of the red, green and blue
color channels in the image at the pixel i.
For Graph F, the edge weights were obtained by:
(
1.0, zi = zj
F
wij =
(24)
∆i + ∆j , (xi , yi ) = (xj , yj )

multi-view photography used for constuction of the graph
for the depth perception application was obtained from the
Middlebury Stereo 2006 Database and was the Aloe dataset.
Characteristics of the graphs are given in table 1. The
weights of the edges are determined by functions related to
the image intensities. The functions are described below.
For Graph A, edge weights are obtained by:
wijA

= (pi + pj + 50)

2

and

(20)

(25)

Thresholding is applied to value of
that are outside of
the range of [1, 10,000]. pi the image intensity at pixel i.
For Graph B, edge weights are obtained by:

R
∆i = min(∆L
i , ∆i )
2
∆L
i = kC (xi ,yi ) − L(xi +zi ,yi ) k

(26)

wijB = (pi + pj − 100)2

2
∆R
i = kC (xi ,yi ) − R(xi −zi ,yi ) k

(27)

wijA

(21)

wijA

where R(xi ,yi ) ,L(xi ,yi ) and C (xi ,yi ) are the color vectors
at the position (xi , yi ) for the right, left and central components of the multi-view photography. The source region
was defined to be all points for k= 0 and the sink region was
defined to be all points for k = 50.

that are outside of
Thresholding is applied to values of
the range of [1, 1,000,000].
For Graph C the edge weights were obtained as part of
the dataset. The graph is directed and the edge weights in
the original graph are integer valued and range of [0, 100].
Edge-weight values of zero were changed to 10−9 . This is
needed to ensure that the equations associated with graph
are non-singular.
For Graph D, edge weights were obtained by:

wijD

=

5.2. Criteria
The performance of the Sim Cut algorithm was evaluated in terms of the accuracy and speed. The accuracy was
assessed in comparison with the exact minimum s-t cut solution. The accuracy is presented as the percentage increase
in the weight of the graph cut in comparison with the weight
of the exact minimum s-t cut. The speed of the Sim Cut was
compared with the benchmark Boykov-Kolmogorov algorithm [10]. Time for completion of the Sim Cut was considered to be the time for the solution to converge to within
1% of the exact solution. If the Sim Cut did not converge
to within 1% of the exact solution, the completion time was
considered to be the time for 60 fixed-point iterations.



(
−(pi −pj )2
, pi > pj
1.0 × 10−6 + exp
25
1.0, pi 6 pj
(22)

For Graph E, edge weights were obtained by:

wijE

= 1.0 × 10

−6

+ exp

−kpi − pj k2
25

!
(23)
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Figure 1. Interactive abdomen segmentation using Sim Cut. (Graph A).

Figure 2. Interactive heart segmentation using
Sim Cut. (Graph B).

Figure 3. Interactive face segmentation using
Sim Cut. (Graph C).

Figure 4. Interactive liver segmentation using
Sim Cut. (Graph D).

Figure 5. Photo-editing using Sim Cut. (Graph
E).

Figure 6. Depth perception using Sim Cut.
(Graph F).
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Figure 7. Convergence of Sim Cut as a ratio of the Sim Cut weight over the Minimum S-T Cut weight.

5.3. Results

the resistive elements and the method for solving the associated sets of linear equations.
While other methods such as [1][2][3][4][5][6] have
reportedly outperformed the Boykov-Kolmogorov method
[10], these methods have not been studied as extensively. As such, it is reasonable to consider the BoykovKolmorogov as the standard of comparison.

Excellent results were obtained in the testing of the Sim
Cut. The results are summarized in table 3. Images of the
results of the testing are in figures 1-6. The Sim Cut produced a speedup of 11.0±5.7 over a leading serial implementation of the graph cut while yielding a result that was
within 1.6±2.0 % of the exact solution. Convergence of the
solutions was nearly monotonic in all cases as is shown in
figure 7.

7. Conclusions
A novel and effective method is introduced for computation of the graph cut for applications in computer vision.
The speed of the computation of the graph cut via the Sim
Cut algorithm was found to exceed that of a leading alternative, that of Boykov and Kolmogorov [10] on a realistic
and challenging set of test cases. The computing resources
required for the Sim Cut are a consideration, but are available through cloud computing providers, as of this writing.
The Sim Cut should be considered an important advance in
the computation of the graph cut.

6. Discussion
A novel algorithm is presented in which image segmentation, photometric stereo shape reconstruction and potentially other types of graph partitioning is obtained by the
solution of a system of equations motivated by the analog
model of the minimum s-t cut algorithm.
An earlier algorithm has been proposed based on a similar circuit model [21]. At each iteration, the electrical current is determined at each segment of the circuit based on
the system of linear equations governing the circuit. A minimum s-t cut approximation can be obtained by modulation
of the resistances at each iteration until the electrical current approximately satisfies the flow capacity at each edge
in the corresponding graph. However, that approach has
not yet been shown to have practical application although
it has been shown to have the lowest theoretical computational complexity, ignoring logarithmic dependence on the
graph size.
The algorithm presented here builds upon earlier uses of
resistive-network models for image segmentation including
the algorithms of Grady [22] and Yim [23]. Differences between these algorithms are related to the characteristics of
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